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Abstract. In this paper we prove some new series for I/tt as well as 
related congruences. We also raise several new kinds of series for I/tt and 
present related conjectural congruences involving representations of primes 
by binary quadratic forms. 



1. Introduction 

In 1914 S. Ramanujan [R] (see also Berndt [Be], and [BB]) recorded 17 
hypergeometric series for I/tt including the following ones: 
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In this paper we will present some new kinds of eries for I/tt and give 
related congruences. 

Our main results follows. 

Theorem 1.1. (i) We have 
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(ii) Let p be an odd prime. Then 
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Theorem 1.2. We have 
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Theorem 1.3. W^e /lave 
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Remark 1.1. In Section 4 we will present many conjectural series for I/tt 
involving P„,{x). 

Theorem 1.4. We have 
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We will show Theorems 1.1-1.3 in the next section, and prove Theorem 
1.4 in Section 3. Section 4 contains some new kinds of conjectures on series 
for I/tt or congruences. 
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2. Proofs of Theorems 1.1-1.3 
Lemma 2.1. For any n — 0,1,2, . . . we have 

Proof. For n = 0, 1, both sides of (2.1) take the values 1 and 8 respectively. 
Let Un denote the left-hand side of (2.1) or the right-hand side of (2.1). 
Via the Zeilberger algorithm for Mathematica, we obtain the recursion 

{n+2fun+2 = 8(2n+3)(2n^+6n+5)Mn+i-256(n+l)^Mn (n = 0, 1, 2, . . . ). 

So, by induction (2.1) holds for all n = 0, 1, 2, ... . □ 

Remark 2.1. Zhi-Hong Sun [S2] proved that for any n e N we have 
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Actually (2.1)- (2. 4) can be easily deduced from Clausen's identity for hy- 
pergeometric series. 

Proof of Theorem 1.1. Let a denote the left-hand side of (1.1). Then 
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By Mathematica, 
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Similarly, using Mathematica we find 

54^ r(2/3)r(5/6) 32^ r(l/6)r(l/3) ' 

128^ r(5/8)r(7/8) 32^^ r(l/8)r(3/8) ' 

^ 864^= r(7/12)r(ll/12) ^ 864'= r(l/12)r(5/12) 

/c — k — 

Thus we can prove (1.2)-(1.4) in the way we show (1.1). 

(ii) Let S denote the left-hand side of (1.5). By Lemma 2.1, we have 
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So, by the above we have S = (mod p^). 

Similarly, by using (2.2)-(2.4) we can easily prove (1.6)-(1.8). □ 
The proof of Theorem 1.1 is now complete. □ 

Proof of Theorem 1.2. Let S denote the left-hand side of (1.9). In view of 
(2.2), we have 
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(-216)^= 36 V 2 
So we also have (1.10). This concludes the proof. □ 
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Lemma 2.2. For all n we have 

(2.5) 

Proof. Define 



and 
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It is easy to see that uq = vq = 1 and ui = vi = 12. By the Zeilberger 
algorithm, we find via Mathematica that 

(n + 2fun+2 = 4(8n^ + 24n + 19)w„+i - 256(n + 1)\„ 

and 

(n + 2fvn+2 = 4(8n^ + 24n + 19)vn+i - 256(n + ifvn 

for all n = 0, 1, 2, Therefore, Un = Vn for all n e N. □ 

Proof of Theorem 1.3. By (2.4) and (2.5), (1.11) is equivalent to (1.3). 
In view of (2.4) and (2.5), 
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So (1.12) holds. Similarly, by using (R3) we can prove (1.13). 
The proof of Theorem 1.3 is now complete. □ 
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3. Proof of Theorem 1.4 
Lemma 3.1. For any n E N we have 

fe=0 ^ ^ ^ ^ fe=0 ^ / ^ ^ 

Proof. Let tt^ denote the left-hand side or the right-hand side of (3.1). It 
is easy to see that uq — 1 and ui — 40. By the Zeilberger algorithm we 
find the recurrence relation 

{n + 2fun+2 = 8(2n + 3) (8n^ + 24n + 21)^^+1 -4096(n+ l)^Mn (n G N). 

So, by induction (3.1) holds for all n = 0, 1, 2, □ 

Lemma 3.2. // \m\ > A, then 

f £) = am ytSl^^^. (3.2) 

k=o ' k=o * 



Proof. Clearly {^^) = (-i/2)(-4)'= for all keN. Thus 



and 




This concludes the proof. □ 

Proof of Theorem 1.4- We reduce (1.15)-(1.17) to (R4)-(R6) respectively. 
Below we just give a detailed proof of (1-17). (1.15) and (1.16) can be 
proved in a similar way. 
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Let S denote the left-hand side of (1.17). In view of Lemmas 3.1 and 
3.2, 
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We are done. □ 

4. Some conjectures related to Theorems 1.1-1.4 



In this section we pose some conjectures. We adopt notations in the 
first section. 

Motivated by Theorem 1.1, we raise the following conjecture. 
Conjecture 4.1. Let p he an odd 'prime. Then 

n=0 fc=0 ^ / ^ ^ 

When p > 3, we also have 

Conjecture 4.2. Forn = 0, 1, 2, . . . define 

1 r6k\ r3k\ /6{n - k)\ /3(n - k) 
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Then e Z for all n = 0,1,2, ... . Also, 

lim ^/s^ = 64. 

n— >-oo 

Remark 4.1. The author has proved that Sn = (mod 8) for all n = 1, 2, . . . 
and Sp-i = L(p+1)/6J (mod p) for any prime p. Here are few initial terms 
of the sequence Sn' 

So = -1, si = 40, S2 = 696, S3 = 23408, S4 = 969496, S5 = 44602560. 
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Conjecture 4.3. We have 



and 
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Conjecture 4.3 was motivated by our investigation of related congru- 
ences. For example, the last identity in Conj. 4.3 was inspired by the 
following conjecture. 

Conjecture 4.4. Let p be an odd prime. Then 

P^^)Pfc(-192) _ I (^)(4a:2-2p) (modp2) if p = + 2y^ {x,y e Z), 
Z> (-562)'= - I Q ^^^^ ifp = 5,7 (mod 8). 

Provided p ^ 7 we have 



5. New kinds of series for I/tt involving 

CENTRAL trinomial COEFFICIENTS 

For 6, c e Z let T„(6, c) denote the coefficient of x'^ in the expansion of 
(x^ + bx + c)'^. It is easy to see that 

r"('<,.)^|:(;)(l>"-.'. 

Note that T^(2, 1) is the central binomial coefficient (^^) and T„(l, 1) is 
the usual central trinomial coefficient Tn. 

Recently the author [Su3] found 5 types of conjectural series for I/tt 
involving T/-(6, c). Here we introduce two new types. 

Conjecture 5.1. We have the following formulae: 



E%5t_LllIr3(a,95^)=|i(195Vn+94V2). (5.3) 
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6a;2 - 2p (mod p^) if (^) = 1, (f ) = (f ) = -1, k 2p = 3x^ + 7y'^, 
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Conjecture 5.3. Let p be an odd prime. 
(i) When p > 5 we have 

^ / T,(38,2l2) y _ /-5\ ^ / rfc(38,21- 

( - 2p (mod p2) i/ (|) = (!) = (I) = 1 & p = ^ 3q^2^ 
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2p - 8x' (mod p') if (|) = 1, (f ) = (f ) = -1 & p = 2x2 + 15y2, 

20x2 - 2p (mod p2) i/ (f ) = 1, (|) = (|) = -1 & p = 5x2 + 5^2^ 

^ ;>5p,7 (modp2) if{^) = -1. 
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If p > 3 and p ^ 11, 19, then 
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Conjecture 5.4. Let p ^ 5 be an odd prime. Then 
^ 1300^= 
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Conjecture 5.5. Let p > 3 be a prime. When p ^ 5, we have 
^ 900^= 

fe=0 

f - 2p (mod i/ (^) = (I) = (iL) = 1, p = + 33|/2, 

2x^ - 2p (mod p2) ,/ (^) = 1, (I) = (JL) = _i, 2p = x^ + 33y^ 
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6x2 _ 2p (mod J92) ^/ (I) ^ 1, (^) = (^) = _i, 2p = 3x2 ^ ^^y2^ 
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Provided p ^ 29, we have 
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2x2 - 2p (mod p2) ^/ (£) = 1, (^) = (^) = _i & 2p = x2 + 133y2, 

= < 2p- 28x2 (mod p2) ( JL) = 1^ (^) = (£) = _i & ^ = 7^2 ^ ;l9^2^ 

2p - 14x2 (mod J92) ^/ (^) = 1, (|) = (^) = _i & 2j9 = 7x2 ^ ;L9y2, 

^ (modp2) ^/(^) = _i. 
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Conjecture 5.6. Let p be an odd prime. When p ^ 23, we have 
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= (f) = (i^) = l&p = a:2 + 102y2, 
= 1, (^) = (|) = -l&p = 2x2 + 51y2, 
= 1, (f) = (^) = -l&p = 3a;2 + 34y2, 
= 1, (f) = (^) = -l&p = 6a;2 + 17y2, 

102 N _ 



Remark. By [CTYZ], 

^ 9520n + 899 /2n\ ^ /n\ ^ /2/c\ _ 3267^3 
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We can give many other conjectural congruences related to binary qua- 
dratic forms in view of the other series for 1 /tt in [CTYZ] . 

Conjecture 5.7. Let p > 3 be a prime. If p ^ 23, then 

V g)^l(23,7^) 
2^ 4g2fe 

k=0 

Ax' - 2p (mod p2) ^/ (|) = (I) = (^) = 1 & p = ^2 + 78^2^ 
8a;2 - 2p (mod p^) (|) = 1, (|) = (^) = _i & ^ = 2a;2 + 39y2, 

= <; 2p -12^2 (mod p2) z/(iL) = l, (^) = (|) = -l&p = 3x2 + 26y2, 

2p - 24x2 (mod p2) if (I) = 1, (|) = (^) = _i & p ^ 6^2 ^ ;l3|/2, 

tp5p,7 (modp2) i/(^) = _i. 
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If p ^ 5, then 

^ r3(1298,651^) 
^ (-100)3'= 

— 

{ 4a;2 - 2p (mod p^) (^) ^ (|) = ( Ji) ^ 1 & ^ = ^,2 ^ 78^2^ 

= <( 12x2 _ 2p (mod J92) if ( JL) = 1^ (^) = (|) = -1 & p = 3;r2 + 26y2, 

2p - 24^2 (mod p2) ^/ (|) = 1, {!) = (^) = -i & p = 6x2 ^ ^^y2^ 

I P(<^p,7 + ^p,3i) (mod p2) i/ (^) = _i. 

Conjecture 5.8. Let p 7^ 2, 7, 11 &e a prime. Then 

2^ 142k 282^= 

4x2 - 2p (mod p2) (^) = (|) = 1 & p = a;2 + 22y2, 

8x2 _ 2p (mod p2) (^) = (|) = _i & p = 2x2 + lly2, 

0(modp2) ^/(^) = _(|). 



Conjecture 5.9. Let p 7^ 2, 7 &e a prime. Then 
g ('^)Tfc(6, 2)2 _ f 4x2 - 2p (mod p2) i/ (f ) = 1 & p = ^2 + 7y2, 

fc=0 

and 



450^ lO(modp2) if{E) = -i^ 



We have many conjectures similar to Conjectures 5.2-5.9. For example, 
we find that X]fc=o Ck)'^ki^^ c)/m^ modp2 is related to the representation 
p — x'^ + dy^ if (6, c, m; d) is among 



(5,4,4; 10), (6, 1,192; 6), (3, -4, 36; 13), (5, 4, 142; 30), 
(7, 1,142; 30), (7^ 28, 142; 21), (n^ 49^ 222; 42). 
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